Chapter 6 Applications of Definite Integrals 



(b) Washer: V = V x + V 2 

Vi = £ J ([Ri(Jt)l ! - (riOOl 2 ) dx with Ri(x) = y^p and ti(x) = 0; a! = -2 and bi = 0; 

V 2 = f‘‘ 7r ([Rj(x)p - (r 2 (x)] J ) dx with R 2 (x) = y^p and r 2 (x) = y/x; a 2 = 0 and b 2 = 1 

(c) Shell: V = £ 2n (*P) (*") dy = foxy (*") dy where shell height = y 2 - (3? - 2) = 2- 



Vi = J* *(Rj(y)l 2 dy, i = 1,2,3 with Ri(y) = 1 andci = — 1, di = 1; R 2 (y) = ^/yandca =0andd 2 

(b) Washer: V = Vi + V 2 

V, = £ x([R,(y)] 2 - [r,(y)] 2 ) dy, i = 1, 2 with R,(y) = 1, n(y) = y/y, c, = 0 and d, = 1; 

(c) Shell: V = X*2x (^) (^)dx = J^2irx(^,)dx, where sheU height = x 2 - (-x 4 ) = x 2 +x 4 

(a) V = /V[R 2 (x) - t»(x)| dx = J% [(V25^) 2 - (3) 2 ] dx = «£ [25 - x 2 - 9] dx = * £ (16 - 
= - ;* 3 ] ‘-a = *(<* - ?) - t(-M + ?) = S? 

(b) Volume of sphere = jw(S) 2 = 



v = /> CSi) (tSj) <** = /,' /r "2*ssin(x 2 - 1 ) dx; (u = x 2 - 1 =8- du = 2xdx; x = 1 => u = 0, 
x = VTTH =*■ n = a] trj^sinudn = -w[oosu]S = -w(-l - 1) = 2ar 

v = /> ("«) (^) <1* = (-7* + = 2 *£ H* J + h*)<h = ^hs* 3 + 5* ! lo 

= 2ir(-t5! + £) = lirPh 

V = /‘ M.SL) (tSj) d > , = X' 2 ’'y[y ?rr y 5 - (-v/P^Jdy = 4x/ o 'y v T r ^y r dy 

|u = r 2 - y 2 => du = -2ydy; y = 0 => u = r 2 , y = r => u = 0] -2nJ^ ^udu = 2ir / o u'f 2 du 

= t[ ,,3/2 ]o =" rJ 







u = 10] L = Jj a'! 2 (‘ du) = ‘ [| n*/»] " 
i(lOvTO-l) 
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-S-* ■» {iY-W-t +r*) 

l = / ! ’\/ 1 + i(y 4 - 2 +r*) d y 
/ i Vi(y 1 + 2 +r 4 )‘iy 

i/iV^+y -2 ) 2 d y = i/,V + y~ s ) d y 

= /y* +jx- i/3 i dx 

[J x‘/ 3 + i X 2 / 5 ] J = ! [2x^ + x 2 ' 1 ] | 

|((2 ■ 2 1 + 2 2 J -(2+1)] = |(32 + 4-3) = £ 

= X 2 + 2x + 1 - t4x * 4 y = X 2 + 2x + 1 - 4 
L = X'^/l+a+sl'-J + ^ds 

rvH^r^dx 

/b V[ (1+ x, + ^ dx 

[(1 + x) 2 + i!2jEl] dx; (u = 1+x => du = dx;x 

= ^sec*y-l => (g) 2 =«c*y-l 
L = f_ \ y/l + (sec*y — 1) dy = /' ‘sec 2 ydy 

[tany]!i‘ 4 = !-(-!) = 2 



L = v/l+(3x«-l) dx = f>x 2 dx 




)- = 




: Lengths 
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31. y = 2a 3 ' 2 => g = 3x 1/1 ; L(x) = f 0 ' \/l + [St'/'J’dt = £ VT+9tdt; [u = 1 + 9t => du = < 
t = x=>u=l+9x]->J X'^v^du = g, [a’/ 2 ] | +9 * = £(1 + 9x) 3/2 - g- L(l) = £(10) 




i)-(i -!)-!(>+ 1) 3 




with( Student[Calculus 1 ] ); 



N := [2. 4. 8 J; 

xx := [seq( a+i*(b-a)/n, i=0..n )]; 
pts := [seq([x,f(x)],x=xx)l; 

L := simplify(add( distance(pts[i+l],pts{i]), i=l..n )); # (b) 

T := sprintf("#33(a) (Section 6.3)\nn=%3d L— %8.5f\n", n. L ); 

Pin] := plot( If(x),pts], x=a..b, title=T ): # (a) 



display! [scq(PIn].n=N)l. insequence=d 
L := ArcLength( f(x), x=a..b. output=in 



Cleartx, f] 

(a. b) = ) — 1, 11; tlxj = Sqrt[l — x 2 l 






pi = Plot(f[x], (x, a, bj] 



pts = TableIlxn,Hxnl], (xn,a,b,(b-a)/n}]//N 
Show [ | p 1 .Graphicsl ( Line [pts] ) 1 ) ) 

Sum[ Sqit[ (pts® +1,1]]- pts[[i, l]]) 2 + (pts[[i +1,2]]- pls[[i, 2]]) 2 ], {i, 1, n)] 
NIntegrate] Sqn[ 1 + f [x] 2 ],(x, a, b}| 
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$ = l + y->/»*. (|) J =(i+y 1/a ) J 
=> s = 2ir f’(y + 2^y) ^1 + (1 + d 



(b) 




=* s = 2 ’ r £‘(£ antdt ) yi+i^ydy 

= 2irJ^' /S (J^tantdt) secydy 




=> S = 2tr//'(/Vt»=Tdt) Vl + (< 2 -l)dx 

-^rcr^dt),* 










ce = 2ir(2), slant height = ^4» + 2» = 2^5 



a) (2VS) -W5 in 



f=§ =>a = 2y=> | =2;S = J^2«* ^1 + (g) 2 dy = J^2* ■ 2y Vl + V dy = 4*v/5 J^y dy = 2*\/5 (y 2 ^ 
Lateral surface'area == |$r0 (2v/5) = 8a y/5 in ” 8 ^ ^ 



11. S = i'.S = /. > 2>ty\/l + (S) I dx = / i , 2a^ v A+(!fdx=2^/ i ’(a+l)dx -=£[$+*]* 

= [(| + 3) — (j + 1)] = ^ (4 + 2) = 3ny/5; Geometry formula: ri = 7 + 2 = l, ra = | + 2=2, 

slant height = /(2 - I) 2 + (3 - l) 2 = y/5 => Frustum surface area = rrfri + r 2 ) x slant height = jt(l + 2 ) a/5 



12. y=f+J => x = 2y - 1 => g = 2; S = £2irx ^1 + (*)’ dy = /Wy - l)v/l+4 dy = /,’(2y- l)dy 

= 2a>/S [y 2 - y] i = 2tr [(4 - 2) - (1 — 1)] = 4iry^5; Geometry formula: rj = 1, r 2 = 3, 
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18. x = (3 y 3 ^ 2 - y 1/2 ) < 0. when 1 < y < 3. To get positive 

=> # = -i(y ,/2 -y- ,/2 ) =► (i) J = i(y-2+y-‘) 

=> S = — f*2n (j y 3 ^ 2 — y 1 ^ 2 ) yj\ + J (y - 2 + y- 1 ) dy 
= y 3 ' 2 - y' n ) \/ i(y+ 2 +r‘) d y 

= - 2 * /,'( j y 3 ' 2 - y 1/a ) dy = -<r /’y 1 ' 2 (J y - 1) (jr 1 * + yi,) dy = -X /’(' y - 1) <y + 1) dy 

= -”/. a (i y 1 - 1 y - ») *Jy = — - y] ; = -nr [(« - 1 - 3) - (S - ^ - 1)] = -^ (-3 - s + J + 1) 

= -;(-18-i + 3)=i^ 




= 4* Fv^dy = -4* [|(5 - y)V 2 ] f ‘ = - ? [(5 - ?) 3/2 - 5 2 ' 2 ] = - !? [(|) 3 ' 2 - S 3 / 2 ] 
= $ - ¥) = ¥ ( 4 °’ /i ; 5 ' A ) = 



= 2 * /.Iv^ydy = 2y/2ir /J lV /y dy = 2v/2» [|y*% = 2^/2* [(l %/T 5 ) - (f\Ajj 1 )] = 2 V^’ (| - 5^5) 

1. y = j(x 2 + 2) 3 ^ 2 =* dy = x\/ x 2 + 2 dx — ds = y / 1 + (2x 2 + x*) dx ^ S = 2irf 0 ' x \/ 1 +2x 2 + x 4 dx 
= 2 I r/;’x^/(x 2 + I) ! dx = 2rf o ' ? x (x 2 + 1) dx = 2./; V + x) dx = 2* [? + f ^ = 2* (1 + \) = 4* 

ds = y/dx 2 +dy 2 = v /(y 2 -^) 2 +ldy=y(y«-J + 1 ^)+ldy=^()i* + 5 + I ^)dy 
= V (y 3 + »f) J dy = (y 3 + 4,) dy; S = J^2iry ds = 2xJ|’y (y 3 + £,) dy = 2ir/ i ’(y‘ + ‘ y- 2 ) dy 
= [£ - i r 1 ] ) = 2* [(¥ - i) - (5 - i)] = 2* (£ + J) = & (8 ■ 31 + 5) = 
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the oil in this slab, AW, is 57(10 - y)ir(t) 2 . The work to pump all the oil to the top of the tank is 
W = f “?£■(. lOy 3 - y’Jdy = - £ ] “ = 11,873* ft • lb =s 37,306 ft • lb. 

half full and the volume of the original cone is V = gut^h = g*(5 3 )(10) = ft 3 , half the volume = ft 3 , and 
with half the volume the cone is filled to a height y, 2^2 = => y = (/500 ft. So W = ^(14y 2 — y 3 | dy 




= * - 100 Ay ft 3 . The force P required to lift the slab is equal to its weight: F = 51.2 AV = 51.2- 100* Ay lb 
=> F = 5 120* Ay lb. The distance through which P must act is about (30 - y) ft. The work it takes to lift all the 
kerosene is approximately W « £ AW = £ 5 120*(30 - y) Ay ft - lb which is a Riemann sum. The work to pump the 
tank dry is the limit of these sums: W = ^”si20*(30 - y)dy = 5120* [30y - £] ^ = 5120* (2°2) = (5120)(450v) 
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w = (10- - y)y». dy = [!£ - f] “ = ^ (*£ - j) = (*^) (*>) $ -: 2) 

= = 21 Ar • 8 s « 34,582.65 ft - lb 

W = 03 - y)y» «ly = ^ [!£ -?]*=? (^-?)= (¥)<*>(? -2) = =5P 

= (19ir) (8 2 ) (7)(2) » 53,482.5 ft - lb 

19. The typical slab between the planes at y and y+Ay has a volume of about AV = x(radius) 3 (thkkness) = a ( v /y ) “ Ay ft 3 . 
The force F(y) required to lift this slab is equal to its weight: F(y) =73 • AV = 73a (^/y) 2 Ay = 73ayAy lb. The 

approximately AW =s 73* y (4 - y) Ay ft • lb. The work done lifting all the slabs ftom y = 0 ft to y = 4 ft is 

w = X 73w y < 4 - y^y = 73tr X (*y - y 2 )^ = 73* [2^ - j y 3 ] J = 73*(32 - ?) = ^ ft - ib. 



= (2^/25 - y 2 ) (10) Ay ft 3 . The force F(y) required to lift this slab is equal to its weight: F(y) = 53 - A3 
= 53 pv/25 -y 3 )(10) Ay = 1060^/25 - y 2 Ay lb. The distance through which F(y) must act to lift the s 

AW s= 1060^25 - y'(20 - y)Ay ft - lb. The work done lifting all the slabs from y = -5fttoy = 5ft 

W = /_’ 1060^25 - y 2 (20 - y)dy = 1060 f’j 20 - y) y/25 - y ! dy = 1060 J /’ 20 ^25 - y 2 dy - /’ y 

/_' 5 20>/25 - y'dy = 20 J ' s /25 - y'dy = 20[Jir(5) ! ] = 250ir. To evaluate the second integral let u = 2 
=s du = -2ydy;y = -5 => u =0,y = 5 => u = 0, thus /’y ^25 - y'dy = -j/ 0 " ^/udu =0. Thus, 
1060 J J’ s 20 y/25 - y'dy - y ^25 - y'dyj = 1060(250a - 0) = 265000ir ss 832522 ft - lb. 



= a (\/25 - y' J ) 2 Ay m 3 . The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 - AV 
= 9800a (>/25 - y'J^Ay = 9800* (25 - y 2 ) Ay N. The distance through which Fly) must act to lift the 



AW = 9800a (25 - y 2 ) (4 - y) Ay N - m. The work done lifting all the s 
approximately W « ^ 9800a (25 - y 2 ) (4 - y) Ay N - m. Taking the lin 



W = /"9800a (25 - y 2 ) (4 - y) dy = 9800a (100 - 2Sy - 4y 2 + y 3 ) dy = ' 

= -9800a (-500 - ^5 + * . 125 + ^) sa 15,073,099.75 J 




9800a [lOOy - ? y 2 - i y 3 + 



22. The typical slab between the planes at y and y+Ay has a volume of about AV = *(radius) 2 (thickness) 

= a (y/100 - y 2 ) 2 Ay = a (100 - y 2 ) Ay ft 3 . The force is F(y) = • AV = 56a ( 100 - y 2 ) Ay lb. The 

distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 
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= 124.8 /;’(-5y - f) dy = 124.8 [- I y 2 - i y 3 ] ~_l= 124.8 [(- 1 . 4 + ! ■ 8) - (- I ■ 25 + 1 - 125)] 

= (124.8) (M - !”) = (124.8) ( 3I '; ;M ) = 1684.8 lb 

32. An equation for the line of the plate's right-hand edge isy = x- 3 => x = y + 3. Thus the total width is 
L(y) = 2x = 2(y + 3). The depth of the strip is (2 - y). The force exerted by the water is 
F = /-1 W < 2 - y> L Cy) dy = £, 62A ■ (2 - y) ■ 2(3 + y) dy = 124.8 (6 - y - y 2 ) dy = 124.8 [6y - £ - f ^ 

= (-124.8) (-18- | +9) = (—124.8) (— = 1684.81b 



33. (a) The width of the strip is L(y) = 4, the depth of the strip is (10 — y) => F = £w ■ (,j£*)F(y)dy 

= 62.4(10 - y)(4)dy = 249.6 £ (10 - y)dy = 249.6 [lOy - $] 0 = 249.6(30 - |) = 6364.8 lb 
(b) The width of the strip is L(y) = 3, the depth of the strip is (10 - y) => F = £ w - (,£&)F(y)dy 
= J^62.4(10-y)(3)dy = 187.2 £(10 - y)dy = 187.2 [lOy - ?] 0 = 187.2(40 - 8) = 5990.4 lb 

34. The width of the strip is L(y) = 2^/25 - y 2 , the depth of the strip is (6 - y) => F = £w ■ (^£)F(y)dy 

= £ 62.4(6 - y)(2\/25-y 3 )dy = 124-8 (6 - y)\/25 - y'dy = 124.8 J/^6 v/25 - y'dy - £ y >/25 - y'dy] 

£ 6 V 25 - y 2(J y = 6 /„V 25 -y 2 dy = «[j*(5) 2 ] = 2]!. To evaluate the second integral let u = 25 - y 2 
du = -2ydy; y = 0 => u = 25, y = 5 =■ u = 0, thus /Jy ^25 - y'dy = ^Udu=j£ 5 u^du 
= 1 [u 3 / 2 ] “ = 125. Thus, 124.8 Jj^6 y/25 - y 2 dy - / q ' y ^25 - y'dyj = 124.8(2]! - i“) a 9502.7 lb. 







Chapter 6 Applications of De 






ofthe strip is (33.5 -y) => F= /” w(33.5 - y)L(y) dy 
= I“tv - (33-5 -y)-63dy= (“) (63) /“ (33.5 - y) dy 
= (&) («3) [33.5y - £] ” = (^) [(33.5)(33) - 2*] 





39. (a) F = (62.4 Jp)<8 ft) (25 ft 2 ) = 12480 lb 

(b) The width of the strip is L(y) = 5, the depth of the strip is (8 - y) =t- F = ■ ( j^a)F(y)dy 

= /„ ! 62.4(8 - y)(5)dy = 312 j‘( 8 - y)dy = 312[8y - £ ] ’ = 312(40 - f ) = 8580 lb 

=*■ F = /„ b » ' (££)F(y)<ly = 8 - y)(5)v/2dy = 112^2 - y)dy = 312\/2"[8y - £] ^ 

= 3,2^- ¥ )=97223 

40. The width of the strip is L(y) — | (ly/i - y) . the depth of the strip is (6 - y), the height of the strip is ^-dy 

=>F = /,"» • (J5,)p(y)dy = 62.41 6 - y) ■ | (2^3 - y) ^.dy = ^ ft* (l2^2 - 6y - 2yy/J + y^)dy 

= 7r[l2yv / 3-3y ! -y 2 v^+^]^' /3 = ^(’2 -36- 12-/T + 8^/3") re 1571.04 lb 

41. The coordinate system is given in the text. The right-hand edge is x = yfy and the total width is L(y) = 2x = 2^/y. 

(a) The depth of the strip is (2 - y) so the force exerted by the liquid on the gate is F = j w(2 - y)L(y) dy 

= £'50(2 - y) - 2^/ydy = 100 £(2 - y)^dy = 10o£(2y>' 2 - y 2 ' 2 ) dy = 100 [$ yV 2 - 2 yV 2 ]‘ 

= 100 (}”!) = (™) (20 — 6) = 93.33 lb 

(b) We need to solve 160= £w(H - y) •2 v /ydy forh. 160 = 100 (2? - |) => H = 3 ft. 

where F™, = 6667 lb. Hence, F»„ = w£ (h - y) • 5 y dy = (62.4) (})£ (hy - y 2 ) dy 
= (62.4) (•) [¥-?]“ = («24) (5 ) (t - t) = <«2-4) (J) (J) h ! = (10.4) (J) h ! »h= ^(|)(fe) 







1 6.6 Me 



= ^(1) (to?) “ 9 288 ft- 1116 volume of water which the tank can hold is V = J (Base)(Height) • 30. where 
Height = h and 1 (Base) = | h => V = (| h 2 ) (30) = 12h 2 as 12(9.288) 2 » 1035 ft 3 . 

pressure is p = £ / 0 ‘ p(y) dy = J w ■ y dy = J w [£] ‘ 

44. The force exerted by the fluid is F= f 0 w(depth)(length) dy = J 0 w- y • ady = (w • a)f g ydy = (w-a)[£j 

45. When the water reaches the top of the tank the force on the movable side is j. (62.4) (2^/4 - y‘) (— y) dy 
= (62.4) Jj4 - y ! ) 1/2 (-2y) dy = (62.4) [f (4 - y 2 ) 3/! ] ° 2 = (62.4) (|) (4 s / 2 ) = 332.8 ft ■ lb. The force 

width is L(y) = 3 and the depth of the strip is (3 - y). 

Thus, F = f’ w(3 - y)L(y) dy = J‘ (62.4)0 - y) - 3 dy 
= (62.4K3) f’ (3 - y) dy = (62.4)(3) [3y - £] ’ 

= (62.4X3) (9 - \) = (62.4X3) (|) = 842.4 lb 
(b) Find a new water level Y such that Fv = (0.75)(842.4 lb) = 63 1 .8 lb. The new depth of the strip is (Y - y) and Y is 
the new upper limit of integration. Thus, F y = f 0 w(Y — y)L(y) dy = 62.4 f g (Y - y) - 3 dy 
= (62.4X3) fj Y - y) dy = (62.4)(3) [Yy - £] ’ = (62.4)(3) (y 2 - £) = (62.4)(3) (£) . Therefore, 

Y = (/jsSb) = = y/MS « 2-598 ft. So, AY = 3 - Y » 3 - 2.598 sa 0.402 ft s» 4.8 in 





6.6 MOMENTS AND CENTERS OF MASS 







y dm= ^iy5^6(4 — x 2 )dx= |(16-x 4 )dx. The moment of the plate about the x-axis is M, = j y dm 
= £ i (1« - **> * = J [16* - $\ l, = i [(>6 • 2 - ?) - (-16 - 2 + $)] = « (32 - * ) = The mass of the 



Copyright 



366 Chapter 6 Applications of Definite Integrals 

plate is M = f 6(4 - x 2 ) dx = 5 |4x - yj = V> (8 - |) = . Therefore y = ^ The plate's center of 

mass is the point [s.y) = (0, . 




y dm = (- 6 (2x - x 2 ) dx; about the y-axis it is x' dm = x - i (2x - x 2 ) dx. Thos,M, = /y dm 

= - T- H = /* *» = JT* • * (2* - *’) * = = 6 [l *■ - T ] o = * ( 2 ' T - T ) = TT = T ; 

M = J dm = J* 6 (2x — x 2 ) dx = 6 J^(2x - x 2 ) dx = 6 £x 2 - = 6 (4 - |) = ^ . Therefore, x = ^ 

= ((f) (a^) = 1 and y fh = (- (f) (is) = — | =*■ Or,y) =(!,-!) is the center of mass. 








Section 6.6 Moments and Centers of Mass 



M = / dm=36f ,(1 - x 2 ) dx = 35 [x - yj ^ = 36 -2 (1 — \) = 46. Therefore, y = ^ = - = - | 




y dm = (y — y 3 ) dy = 6 (y 2 -y 4 ) dy. Thus.M, = f dm = dj^'fy 2 - y 4 ) dy = 6 ^ 6 (3 - 5) = ff ; 

M > = /¥dm=5/ B '(y J -2y 4 + y s )dy=5 + = i (r ~ I + 7) = 1 ( ""i” ? * 15 ) = m- M = f dm 

= s f, , (y-y’) d y = i [T-T ]' 0 = e (i-}) = $■ Therefore .* = w = (i®) (?) = nB^y- w = (b) (?) 




= | (2y* — y 4 ) dy; the moment about the x-axis is^ dm = 6y (2y — y 2 ) dy = 6 (2y 2 — y 3 ) dy. Thus, 
M, = /ydm=/ 0 ! «(2y 2 -y s )dy = ii[¥-4]’=i(^--¥) = ^(4-3)=«;M,=/?rdm 
= /. ! 5( 2 y s -y 1 ) d y=l[^-f]’ = ‘2( 8 -T) = l(T s ) = T: M = / dm = O^y-y 1 )^ 

= sfy 2 -?]’ = « (4- 1) = ¥ Therefore, *=«;: = («) ( >) = \ andy = & = (") (£) = 1 








